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PREFACE

Over the years, syllabuses of existing courses have undergone some
modifications. Partial Fraction: A Self-Learning Guide has been written to
match the latest mathematics syllabuses of the diploma programme for the
first, second and third semesters. Topics covered include the properties of
Partial Fraction, Integration with Partial Fraction Method and Inverse
Laplace Transforms by using Partial Fraction. This book provides the
repetition of basic partial fraction principle for effective learning

Partial fraction is the key for the understanding and solving most algebraic
problems. This book will give the students a simpler and easier method for
presenting the important principles of partial fraction and demonstrating
the best solving techniques in answering the exercises. With concise notes
and formulas to highlight some important key points, the users are hoped
to have a better comprehension and appreciation of the theory learned..
A complete set of answers is available at the end of the book We hope
that users will be able to fully utilise this book in assisting them in the process
of teaching and learning.

We are grateful for the opportunity to produce this book. We would like to
personally thank the publisher, Penerbit PMM and the e-learning teams of
PMM for their support.

Please do not hesitate to contact us with any suggestions or comments that
could improve the content of this book.

Faridah binti Othman
Suziyana binti Ahmad Aman
Ngatinah binti Jaswadi
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PARTIAL FRACTION

1

CHAPTER
OUTCOMES

At the end of this chapter, you should be able to

1.Recognize simple linear factors,
repeated linear factors and quadratic
factors in a rational function.

2.Decompose a rational expression with
denominator of linear factors, repeated
linear factors and quadratic factor into a
sum of partial fractions.
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ChapTer 1. ParTiaL FracTion

10

INTRODUCTION

Partial Fractions are a mathematical concept used to simplify
complex rational expressions by breaking them down into simpler
fractions. When dealing with fractions that have algebraic
expressions, it can be challenging to solve them directly. By using
partial fractions, we can split these fractions into multiple simpler
fractions, making them easier to work with and solve. During the
process of decomposing a fraction into partial fractions, the
denominator, which is an algebraic expression, is factored in to

simplify the generation of the partial fractions,

The concept of partial fractions is the reverse of the process of
adding rational expressions. Instead of combining fractions, partial
fractions involve breaking down a single fraction into multiple simpler

fractions.

Arithmetic operations across algebraic fractions are performed to
obtain a single rational expression. This rational expression, on
splitting in the reverse direction involved the process of
decomposition of partial fractions and resulted in the two partial

fractions.
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In partial fractions, the dividend (upper number) is called the

numerator N(x) and the divisor (lower number) is called the

denominator, D (x).

Numerator (x)  N(x)
Denominator (x) D (x)

11 Partial Fraction
It is a return from the single simplified rational expression to the

original expressions, called the partial fraction. (Abramson, 2021)

S
PROPER
FRACTION

IMPROPER

FRACTION
4

PARTIAL
FRACTION
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111  Proper Fraction

Proper fractions, in the context of partial fractions, refer to
fractions where the degree of the numerator is less than the
degree of the denominator. There are different types of
proper fractions, depending on the specific characteristics of

the numerator and denominator

a. Non-repeated Linear Factor

The denominator can be factored into distinct linear
factors, each factor becomes a separate fraction in
the decomposition

NG A B
@ T bz ¥d) lax Pb)  (cz+d)

b. Repeated Linear Factor

Partial fraction has repeated factors when one of the
denominator factors has multiplicity greater than 1. The
process for repeated factors is slightly different than

the process for linear, non-repeated factors.
Nx) A N B
(ax +b)?2  (ax+b)?2  (ax +b)
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¢. Quadratic Factor

One of the denominator factors is a quadratic with

irrational or complex roots
N(x)  Ax+B
(ax2+b) (ax2+b)

Partial fractions can also be found in the form of non-repeated
linear and quadratic factor combinations. It is called Linear

Quadratic Factor

N(x) N 4 Bx+C
(ax + b)(cx?2 +d) (ax +b) * (cx? +d)

Let's take a look at these set of examples below.

o

Evaluate the constants A, B and x+5
x2—3x+ 2

construct the partial fraction for
Solution :
Step 1. Factor the denominator of the rational expression.

x+5 x+5  Scan me

x2—3x+2=(x—2)(x—1)

o210}
%
E RN,
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o

Evaluate the constants A, B and x?+3
construct the partial fraction for x(x +2)?
Solution :

+ B Cc
(ax+b)  (cx+d)? = (cx+d)

Step 1 Transform to linear factor form :

A, B C
Cx (x+2)2 (x+2)

Step 2 Multiply each of numerator to make the denominator equal.

A (x+2)? B C x(x + 2)
_;x(x+2)2+(x+2)2x +(x+2)xx(x+2)

_A(x +2)° + Bx + Cx(x + 2)
e (x + 2)2

Step 3: Now find the value of 4, B and C
Method 1 | Elimination
x2+3=A(x+2)?+Bx + Cx(x + 2)

X
X

fx+2=0x=-2,
(—2)>+3=A(-2+2)*+B(-2)+ C(-2)(-2+2)

7 = —2B
g 7
2
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Method 2 | Expand, equate the coefficient and solve by using calculator.

/“

x? +3—A(x+2)(i 2)+Bx+Cx(x+2)

\ *—_—’ ’i' ‘._ -

\__f -—’

x%|+ 3 ElAx? |+ 4Ax]|+ 44 + 21+ 2Cx

once
expanded

By equating the coefficients of x%, x and C (constant)
x? ‘ X * ‘ C

A+C=1 WM+B+ZC=O‘ 44 = 3

The values A, B and C by using a Calculator.

1B 3
4

B=-21

2
e\
4

Answer x2+43 3 7 1
Thus, =

x(x+2)2 4x 2(x+2)2 T 4(x+2)
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©

1. Evaluate the constants A, B,C 3x? —4

and construct the partial x(x? +1)
fraction for

Solution ;

Bx+C
(ax+b)  (cx2+d)

Step 1. Transform to quadratic factor form :

3x2—4 _A+ Bx+C
x(x2+1) x (x2+1)

Step 2 : Multiply each of numerator to make the denominator equal.
A (x*+1) Bx+C «x

RN
_AM*+ 1)+ (Bx + O)x
& x(x%2+1)

Step 3. Now find the value of 4, B and C.

Method 1 | Elimination and Simultaneous Equation
3x2+4=A(x*+1)+ (Bx+ O)x

When x =0,

3(0)2+4 = A(0%2 + 1)+ (B(0) + €)0
4=A
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Since the value of x in the denominator of the question has
been substituted in the equation, we can now choose any
number of x to be susbtituted. For example, we choose x = 1
plus, we must substitute the values of A4, or B, or C that has

been solved before.
3(D2+4=4((D*+1)+BOD+0)1
s Cf | Eaminl
B+C=-1
Use any value of x once again except the value that has

been used before. For example x = 0, x = 1, so we choose

X =.2.
32)2+4=4((2)>+1) + (B(2) + C)2

16 =20+ 4B + 2C
4B + 2C = —4

Wt w2
2B+ C = —2 ¢_J/rj

Equation 1 - Equation 2

B+ =<1

(=) 2B+C=-2
—B=1
B=-1

12| Page
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Subtitute B = —1 in Equation 1

B+C=-1
—1+C=-1
C=0

Method 2 | Expand and equating the coefficient

| PO |

]
3x2 + 4 =\:4(x2 -;1) + (Bx -I;f—)‘x

once
+ Bx?|+ Cx expanded

By equating the coefficients of x and C(constant)

—————

[l
o
=

N
+
oS

3x?|+ 4

x? ‘ X ‘ (4
A+B=3 ‘ C=0 ‘ A=4
So,
A=4
A+B=
4+ B =
=1
C=0
AT Thatie degz s <RY “Grn.
-
x (x2+1)
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2. Evaluate the constants 5x% 4+ 9x — 4
A B,C and construct the ~ (X + D (x? +4)

partial fraction for
Solution :
Step 1: We must try, first using calculator if the quadratic equation
x? + 4 can be factorized, if can factorized, we must used linear

factor. If cannot we proceed to quadratic factor method.

Bx+C

Step 2. Transform to linear factor form :
(ax+b) = (cx?+d)

™ A +Bx+C
x4+ (k24 4)

Step 3: Multiply each of numerator to make the denominator equal.
L LA ><(362+4)_|_Bx+CX(x+1)
S x+D T (k244 (x24+4)7 (x+1)

AP+ 4+ (Bx+ O)(x + 1)
~ (x+1Dx2+1)

Step 4. Now find the value of 4, B and C.
Method 1 | Elimination and Subtitution
5x24+9x —4=Ax*+4)+ (Bx+C)(x + 1)
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When x+1=0,x = -1
5(—1)2+9(—1) — 4
=A[(-1)?+ 4]+ [B(-1D) +C](-1+1)

—8 =54
.
o5

Since the value of x in the denominator of the question has been
substituted in the equation, we can now choose any number of x
to be substituted. For example, we choose x = 0 plus, we must

substitute the values of 4, or B, or C that has been solved before.

5(0)2 +9(0) — 4 = — [(0)2 + 4]+ [B(0)+C](0+1)

=32
5
12

5

Use any value of x once again except the value that has been

used before. For example x = 0, x = 1, so we choose x = 1.

5(1)2 + 9(1) — 4 = _?8 [(1)? + 4] + [3(1) + %] 1+1)

24
10 = -8+ 2B +—




16

2B —— =10
5

g 33

N

Method 2 | Expand, equate the coefficient and solve by using calculator.

o ——

-~ =20
5x2 + 9x — 4 = AGx2 + 4) + (Bx + 0) (x +1)

~

—————————

5x2%|4+ 9x|— 4|=|Ax4+ 4AH+ Bx3+ Bx + Cx 4+ C

once
expanded
By equating the coefficients of x and Clconstant)
x? l x ’ C

A+B=5| B+C=9 |4A+c=—4

Find the values A, B and C by using a Calculator.
-8

A=7
33
B=%
12
N[5
Answer 5x2+9x—4 -8 33x+12

S DG 2+4) 5+l | 5(2+4)
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8x—42

1. Express in partial fraction.

(x—3)(x+6)
Solution :
Step 1. Transform to Non-Repeated linear/Repeated/Quadratic

factor form

Step 2 Multiply each of numerator to make the denominator equal.

Step 3: Now, find the value of A and B
Method 1 | Elimination

17| Page




ChapTer 1 | ParTial FracTion

Method 2 | Expand and equate the coefficients,

Answer 8x—42 -2 10
Thus, =
(x—=3)(x+6) x—3 X+6

x%2-2x+3
(x+1)(x2+5)

2. Express in partial fraction.

Solution :

Step 1. Factor the denominator of the rational expression

Step 2 : Transform to Non-Repeated linear/Repeated/Quadratic

factor form
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Step 3: Make the denominator equal

Step 3: Now, find the value of A,Band C

Method 1 | Elimination and Simultaneous Equation

Method 2 | Expand and equate the coefficients.

Answer - x%2=2x+3 1 2
us, ~ —
(x+1)(x2+5) (x+1) (x2+5)
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5x-3
(x+2)(x—3)

3. Express > in partial fraction.

Solution ;

Step 1. Transform to Non-Repeated linear/Repeated/Quadratic

factor form

Step 2. Multiply each of the numerator to make the denominator

equal.

Step 3: Now find the value of A, B and C
Method 1 | Elimination

20| Page




Method 2 | Expand and equate the coefficients.

Answer 5x-3 Smel3 12 13
Thus, (x+2)(x=3)2  25(x+2) t 5(x—3)2 > 25(x—3)
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112 Improper Fraction

An improper fraction is a type of fraction where the
numerator, or the top number, is equal or larger than the
denominator or the bottom number. This means that the
fraction represents a value greater than one. Improper
fractions are often converted into mixed numbers, which are
a combination of a whole number and a proper fraction, to
make them easier to work within certain situations. Polynomial
long division is needed to reduce the improper expression to
a mixed form consisting of the sum of a polynomial and a

proper expression

A polynomial Proper
Example : expression
At +5+ 27
==
x2 -5 x2 —§
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If x =0,
20(0) + 7 = A(0 + 2) + B(0)

7 =2A
4 7
2
If x = -2,
20(=2)+7 = A(-2 +2) + B(-2)
—33=-2B
r 33
N2

Method 2 | Expand and equate the Coefficient

20x+7='A(9‘c+2)+Bx

Sl A
once
Ax H+ 2A|+ Bx expanded

By equating the coefficients of x and C(constant)
X ‘ C
20=A+B ‘ 24=7

20xH 7

25| Page







Step 2 : Divide using long division

Step 3. Write the proper fraction form

Solve in partial fraction

Step 4 : Factor the denominator of the rational expression.

Step 5: Transform to partial fraction form (linear/repeated/quadratic);

27 | Page




Step 6 Multiply each of the numerator to make the denominator

equal.

Step 7. Now find the values of A and B

Method 1 | Elimination equation

Method 2 | Expand and Compare the Coefficient

Answer  Thus, the corrected partial fractions is
x? 1 4

1+ +
x%+x—2 3(x—1) 3(x+2)
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Express the following fractions in a partial fraction,

1 X
(x+1D(x+2)

2, x+3
(x—1D(x—-2)

3 2x — 4
—2x?—x+1

4, x4+ 2
x?% — 3x

5 2x —1
2x? —5x —3

6. 3x2—7x+5

(x+2)(x+ 1)

7 3x
(x — 1)?
8 2x + 3
x%2(1—x)
9 18x+ 20
(3x + 4)?
10 x+1
x(x—1)3

11. 10 + 5x — x?

(x2+2)(x+ 1)

12, 8x2 — 12
x(x?+2x —6)

29| Page

13.

14.

15

16.

17,

18.

19.

20,

21,

22,

23

24,

x?+1
x(x+1)(x—-1)
5x + 13
x%+4x—5

x3—2x%+3

x%+5x+4
—x + 10

(x+5)(x—3)

x2

x2—5x+6
1
x3(1 — 2x)

xZ

(x2+2x+1)(x—3)
(5 + 3x)?

(x—5)2(Bx+1)

2

X
(x+1)(x—3)
11 —5x
x? —8x + 16
x5+ 4
x3 — 2x
2(1+x)
x(x2 +4)
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25, X 32. 4x — 1
(x +2)(x* +5) x2(x2 —4)
26, 3x% + 2x 33 x—3
(x + 2)(x2% + 3) x3 + 3x
27. x*+1 34 x4
x?—1 (x+2)(x—3)
28 x> —x+1 35, x?
x2—x-2 x2—-5x+6
29, x3 +2x%2—-10x—-9 36 x2—1
x2—9 x—2
30. 2x? 37. x3—2x*+3
(2x — 1) (x —3) x%2+5x+4
31 2x3—x%?4x+5 38 4x3—-3x+42
x%2+3x+2 (2x—1D(x+2)

LET~ § CHECK YOUR ANSWER! £2Z...

ME!
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20 INTRODUCTION

In this section, we will look at how we can integrate some
algebraic fractions. We will be using partial fractions to rewrite the
integrand as the sum of simpler fractions that can be then integrated
separately. Decomposing a fraction into its component parts and then

integrating normally is known as integration using partial fractions.

Before learning about the integration process by partial
fractions, we must first, understand the meaning of partial fractions
and how to write the partial fractions. The sum of the proper rational
functions that resulted from decomposing an improper rational
function is known as a partial fraction. In this case, an improper
rational function is one where the degree of the numerator exceeds
the degree of the denominator. To break down improper rational

functions and obtain partial fractions, various formulas are available.

The method of partial fractions is used to integrate rational

functions. That is, we want to compute

Il %dx where P, Q are polynomials,

32|Page







Below is a list of the formulas used to break down improper rational
functions.

1 1
1. f(ax+b) dx = Elnlax + b| + C,

Where a and ¢ are constant,

_1x

+C

2 [——dx = ~tan

x24+qa? a a

Guideline for Substitution Method

Given the integral, I = [ f(g(x)) - g’ (x)dx
To substitute, use the following steps :
1 letu = g(x)
2. Differentiate u, du = g'(x)dx
3. Substitute u = g(x) and du = g'(x)dx
4. Integrate with respect to u.

5. Replace u = g(x) to write the result
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o

2.1.1 Here are some of the solved examples to illustrate the method of

Integration of Linear Factors by Partial Fractions:

Integrate the following expression f x+5 N
using partial fractions: x? —3x+2
Solution :
Step 1to  Note that the integrand is a proper fraction (because
Step 3. the degree of the numerator is less than the degree of
the denominator). As we did in the previous examples on
Topic 1 at page 8.

A n B i 0
C(x-2)  (x-1)  (x=2) (x-1)

Step 4. By decomposing it into two partial fractions, the

integral becomes manageable. The integral becomes:;

—f7d f6d
_x—Zx x—lx

\1

1
f;dx =In|x| + C, |x| must be positive

Answer =7In(x—2)—6In(x—1)+c
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o

For some applications, we need to integrate rational expressions that have

denominators with repeated linear factors—that is, rational functions with
at least one factor of the form (ax + b)™, where n is a positive integer

greater than or equal to 2. (Gilbert Strang, 2016)
. e . . x?+3
Integrate the following expression using partial fractions: —
x(x + 2)?
Solution :
Step 1 to In this example, there is a repeated factor in the
Step 3. denominator. As we did in the previous examples.on Topic

1 at page 11

_ A B C

X o (x+2)2  (x+2)

3 n 1
4x  2(x+2)2  4(x+2)

Step 4. By decomposing it into two partial fractions, the

integral becomes manageable. The integral becomes:

3 7 1
_jﬂdx_J2(x+2)2dx+J4(x+2)dx

7
=7/ (x + 2)"2dx
7(x+2)72+1 7
2(-24+1)  —2(x+2)
Answer; 3 7 1
=-1 —— 4+ -1 2 C
2 nx+2(x+2)+4 n(x+2)+
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(o

You can use the partial fractions technique for functions whose

denominators can be factored down to linear factors. However, using this

technique is a bit different when there are irreducible quadratic factors,

1. Integrate the following expression 3x%—4
using partial fractions: x(x*+1)

Solution :

Step 1 As we did in the previous examples on Topic 1 at page 15.

to Step Ax*+1) (Bx+Cx A (Bx+C()

3 X2+ D) 2@+ D x G+ D)

4 X

x (x2+4+1)

Step 4. By decomposing it into two partial fractions, the
integral becomes manageable. The integral becomes:

4 x
= | Zdx— | ———d
jxx j<x2+1)i/—‘

For second integral, you use
substitution with u = x2 + 1 and

du = 2xdx; dx = du
2x

x du
=4lnx—j—><—

Answer: u 2x

1 (1
=4lnx——f—du

2] u

1
=4lnx—§lnu+C

1
= 4lnx — Eln(x2 +1)+C
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2. Integrate the following expression 5x% +9x — 4
G+ D@Ez+4)

using partial fractions:

Solution :
Step 1 to As we did in the previous examples on Topic 1 at page

Step 3: 16,
i n Bx +C
Cx+1 0 (x2+4)
s S

5(x+1)  (x%2+4)

Step4: By decomposing it into two partial fractions, the
integral becomes manageable. The integral becomes:

8 33x
zj_S(x+1) dx+f5(x2+4) dx
12
+J5(x2+4) dx
8 33x 12
=f_5(x+1)dx+j5(x2+4)dx+f5(x2+22)dx

How to Integrate? L/ FORMULA Lf
1

For second integral, you use

substitution with u = x? + 4 f ———dx =—tan"'—+¢
du ac +x a a
and du = 2xdx; dx = -

Answer; 8 33 12 X
= ——] 1 —In(x%+4)+ —tan" 1=
5n(x+ )+1On(x+ )+1Otan 2+C
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1. Integrate the following functions by the method of partial fractions

f 8x—42
(x—=3)(x+6)

Solution :
Step L to As we did in the previous tutorial on Topic 1 at page 21.
Step 3.

Step 4. Integrate each of the partial fraction form.

Answer: The corrected integrations as well as its partial fraction is
—2ln(x—-3)+In(x+6)+C
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x2—2x43
(x+1)(x2+5)

dx

2. Use partial fraction to find [

Solution :
Step 1 to As we did in the previous tutorial on Topic 1 at page 22
Step 3.

Step 4. Integrate each of the partial fraction form.

Answer: The corrected integrations as well as its partial fraction is

X
In(x+1)—2tan"!—+C

V5
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5x—3
(x-|-2)(x—-3)2

3. Use partial fraction to find [

Solution :
Step 1 to Aswe did in the previous tutorial on Topic 1 at page 24
Step 3.

Step 4. Integrate each of the partial fraction form.

Answer: The corrected integrations as well as its partial fraction is

13 12 13
— i +2) ———

25 5(x — 3) o5 nxr=3)+C
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2.1.2 This problem is an example of an improper rational function. This
rational function is improper because its numerator has a degree that is

higher than its denominator.

dx

Integrate the following expression j 3x3 —2x% +4x +7
using partial fractions; x? +2x
Solution :
Step 1to The degree of the numerator is greater than the degree of
Step 3: the numerator. This is improper fraction. As we did in the

previous examples on Topic 1 at page 29

_ A(x?+41) | (Bx+O)x _ A | (Bx+0)
T ox(x2+1) 0 x(x2+1)  x  (x2+1)

7 33

+—
2x " 2(x + 2)

Step 4. By decomposing it into two partial fractions, the

integral becomes manageable. The integral becomes:

7 33

2x Y 2(x+2)

: 7 33
Answer._ Elnx + 71n(x +2)+C
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N .

~

dx

Integrate the following functions by the j x?

method of partial fractions. X253 2

Solution :
Step 1 to As we did in the previous tutorial on Topic 1 at

Step 3. page 31

Step 4. Integrate each of the partial fraction form.

Answer. The corrected ,;';i:ﬁf'fegrations as well as its partial

fractionis x — gln(x +2)+ %ln(x —-1+C
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S 01

Write the given expression in the form of partial fraction and then
integrate with respect to x :

2x +1 p 4x% + T7x — 3
1 3 1 2 Lotk 11 f dx
x°+x 2 (x?2 —7x+12)(x + 5)

f 22+ 3 d 12 3X+2d
z%2(4z + 1) g | jx2—9 *
5x2 + 30x + 43 9
. 13. d
P j at3p @ 3 j(x+1)(x—2)2 x
2x3+10xd 3 j2+5x+x2d
Z+1)2 ) xze) P
c 6x% — 3x y S j 4x — 10 g
) (x—=2)(x+4) ¥ ), 2 NGRP__ 3 O
—2x + 4 x2-|—8
0. dx 16.
(x2+1D(x—1) jx2—2x+6dx
4x3 +10x + 4 X
7. 17 —d
f x(2x + 1) dx f5x2—14 %
X —2 2x% + x + 2
8. dx 18. j d
(2x — 1)2(x — 1) x—-1D)2+9)
3x x*—2x+1
9. j dx 19. j d
(x +3)(2x + 1) x2x—Dx+2)
10. x3+2 15
20.
fx2+2dx ,[x3—9xdx

LET~ § CHECK YOUR ANSWER!  (scan
ME!
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CHAPTER
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At the end of this chapter, you should be able to

 Solve the Inverse Laplace
Transforms by Using Partial
Fraction Method




























































Using Table:
IfL{f(©)} = F(s)

Using Table:
IfL{f(©)} = F(s)

I EEERRET]
—~—~—

L{sint}: L JssEssns L{sint}=

(s2+1) . { 1 } (s2+1)
oo s B E (s2+1) B 1 _
'Ll{(s2+1)}_cosm = b=1 "Ll{(sz+1)}zsmbt

Answer —1{ 1 }zl —t_ 1 1
Thus, L o) —2 € ,cost +osint

Let's do some harder problems,

s—1

Find the Inverse Laplace Transform of
P (s—2)(s2—25+10)

Solution :
Step L. Transform to linear factor form pr+c
(ax+b) = (cx2+d)
s—1 A Bs+C

(s—2)(s2-254+10)  (s=2) s2-2s+10
0000000000000..000.000.0000.

If the quadratic equation cannot be factorized, continue the step @
. , ([ J
by choosing the Quadratic Factor °
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Step 2 Multiply each of the numerator to make the denominator
equal.
2_ _
—_ A4 ><s2 25+10+ 2BS+C ><(s 2)
(s-2)  s4—2s5+10 s4—=2s54+10 (s-2)

Step 3: Find the value of 4, B and C
Method 1| Elimination
s—1=A4(s*—-25s+10)+ (Bs+C)(s —2)

fs—2=0s=2;
2—1 =A(22—2(2)+10)+ BR2)+0C)(2-2)
1 2" agy

...
= ] Eaw
A 10 MBmfb ..-....
us et u
. rue for any, value of s m
Ifs=0; Nguuy
"R 4

c=1

: Choose any value of s excepts=-2ands=0 :
P Substitute the value of A and C °
........0............'.0.‘
Ifs =1;
1-1 =1—10(12 -2(1)+10)+ (B()+1)(1-2)
B 1
T 10

Answer 1 1

el 5 (—1p)s+1

G-2)(2—25+10) (s—2) "s2—2s+10
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Step4: r-------------‘

i Solve the Inverse Laplace Transforms |

ﬁ-------------’

_ 5-1 R (I s
L™ {(s—z)(sz—25+10)} =L {(5—2) t 3225+10}

(1—10)S+1
s2-2s5+10
s2—-25s+10=0;a=1,b=-2,c =10

rbe () rem @)= wroer () v 2
(52 ve- ()

- (s+52) +10- ()

Completing the square:

=(s—1)*+9
=Tls,— 1% 32
(1—10)S+1 _ (1—10)s+1

T s2-25410  (s—1)2+32
The result is easier to be solved if it is extended to three
functions:

L\ {(s — 2)(52_—125 n 10)}

ol G

(s—2) s?—-2s+10

- %OL_l {(siz)} B 1_101'_1 {(s—1;2+32} +L7 {(5—1;2+32}

67| Page




Chapter 3 | ParTial FracTion In InVerse LapLace TransForm

1st Shift Theorem

Using Table:
IfL{f(t)} = et

Using Table:
IfL{f(©)} = F(s)

L{Sil’l t} = (52;4'1)

}= cos bt

_ s
“L 1{(82 +1)

pbi e

(s—1) s
{(s —1)Z+ 32} B {sz + bZ}

a=1
b= 3

i 1
L {(s —1)%2 + 32}

1 3 1
{§(m>} - {s2+—b2}

a=1
b= 3

Using Table:
IFL{f(®)} = F(s)

L{sint} =

(s2+1)

L1 1 = sin bt
(s2+1)

Answer Thus,

-1 s—1 }—iZt_it 14
L {(5—2)(52—25+10) > 10 0 ¢ c053t+33 sin 3t
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6 DRILL YOUR BRAIN 3

By using partial fraction method, find the Inverse Laplace Transform for

4s%-5s5+11
(s+1)(s2+49)
Solution :

Bx+C
(ax+b)  (cx2+d)

Step L. Transform to linear factor form

Step 2. Multiply each of the numerator to make the denominator
equal.

Step 3. Find the value of A, B and C
Method 2 | Expand and Compare the Coefficients:
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Answer  Here's the partial fraction decomposition for this part

4s%2-5s5+11 2 25—7

(s+1)(s249)  (s+1) = (s2+9)

Step 4.

------------\
Solve the Inverse Laplace Transforms

-------------’

Extended to three functions:

/-1 4s? — 55 + 11
{(s +1)(s%2+9) }

Answer  The corrected transforms as well as its inverse transform is
_1{432—55+11

7
— -t — —si
GT DG+ 9)} 2e "+ 2cos3t 3 sin 3t
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15s
(s+3)(s2+1)

b)

Solution

Bx+C

Step 1: Transform to linear factor form
(ax+b) = (cx2+d)

Step 2. Multiply each of the numerator to make the denominator
equal.

Step 3: Find the value of A, B and C
Method 1| Elimination

Method 2 | Expand and Compare the Coefficients:
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Answer  Here’s the partial fraction decomposition for this part

9
15s 2

9.3
— 2”2
(s+3)(s2+1)  (s+3)  (s%+1)

Step 4.

------------\
Solve the Inverse Laplace Transforms

-------------,

Extended to three functions:;

it {(s + 3;?;2 +1) }

Answer  The corrected transforms as well as its inverse transform is

15s 9 9 3
-1 -3t ;
L {( 3)( 5 1)}———26 +—2COSt Zsmt
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G

a) Find the Inverse Laplace Transform of the followings by using partial

fraction method :

S

L FO=GD6+2
5 e
2 F(S)=52is—2
s +1
3 FO=GTID6oD
4 F(s)= 2(5_21)2
3s2—s—1
> FO) =G GT e
6 F(s) = 2100
b) Find:
) 3s+7
Lo {sz—s— }

3 Lt

, - 1{ 352 — }

(s+1)(s—2)(s—3)
5s¢—15s - 11

{(s+1)(s—2)(s—3)}

4 L {(s —?;S)(J;Zl+ 1)}

75| Page

10.

11

12

8.

T - 552 +8s—1
®) = G+6Z+ D
S
FO&) =56 1062
Fs) = s(s2+4)
F e S
®) =G DerT D
352 — 4
Hfs) = s(s2+4+1)
2 ry
&) =" —8551— 2
Y 1{sz+3s—10}
1 4s — 1
b {(s —1)(s% — 1)}
L 1{52 75 + 12}
g {(s - 1)(5 T 2)2}
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